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Abstract

Duoc and Robert (2011) developed a Rao-Blackwellized solution for the accept-
reject and Metropolis-Hastings algorithms that built off of the ideas of Casella and
Robert (1996). Casella and Robert’s solution reduced the variance of the estimators,
but at a non-negligible compuation cost. This new solution, based on an independent
representation, reduces the variance at a fixed computational cost.
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1 Background

1.1 Gibbs Sampling Algorithm

The Gibbs sampling algorithm is sometimes called alternating conditional sampling [1].
This is an appropriate moniker as the algorithm starts from an appropriate guess and sam-
ples values from the full conditional densities in an alternating fashion. Suppose the param-

eter vector θ = (θ1, θ2, ..., θd) with some joint target distribution. Let θ(0) =
(
θ
(0)
1 , ..., θ

(0)
d

)
be some intial values. For s = 1, ..., S do:

• Sample θ
(s)
1 from θ1|θ(s−1)2 , ..., θ

(s−1)
d (the full conditional of θ1 given all of the other

θis)

• Sample θ
(s)
2 from θ2|θ(s)1 , θ

(s−1)
3 , ..., θ

(s−1)
d (using updated θ1!)

• . . .

• Sample θ
(s)
d from θd|θ

(s)
1 , ..., θ

(s)
d−1

then loop over again for S iterations.

1.2 Metropolis Algorithm

The Metropolis algorithm is an adaptation of a random walk with an accept/reject rule [1].

• Starting point θ(0) for which p(θ(0)) > 0 (a good guess), from a starting distribution
p0(θ)

• For t = 1, 2, ...

– Sample a proposal θ∗ from ”jumping”/”proposal” distribution Jt(θ
∗|θ(t−1)) where

J MUST be symmetric.

– Calculate r = p(θ∗|y)
p(θ(t−1)|y)

– Set θ(t) = θ∗ if a random uniform is less than min(r, 1) and θ(t−1) otherwise.

1.3 Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm generalizes the Metropolis algorithm by allowing the
proposal density to be asymmetric [1]. To correct from the asymmetry,

r =
p(θ∗|y)/Jt(θ

∗|θt−1)
p(θt−1|y)/Jt(θt−1|θ∗)

.

A good proposal distribution is one that for any θ, it’s easy to sample J(θ∗|θ), it’s easy to
compute r and each jump goes a reasonable distance (so it is not too slow to settle).
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2 Introduction

The typical Metropolis-Hastings simulation algorithm relies on a generation of uniform
random variables. The Rao-Blackwell Theorem states: If g(X) is any kind of estimator
of a parameter θ, then the conditional expectation of g(X) given T (X), where T (X) is a
sufficient statistic, is typically a better estimator of θ, and never worse. Thus, research
has been done by several statstisticians to find a Rao-Blackwellization of the Monte-Carlo
approximation:

δ =
1

N

N∑
t=1

h(x(t)).

Casella and Robert found that the uniformity of the random variables added extra noise
that does not provide information about the target density so they attempted to integrate
out the uniforms condtional on all of the simulated proposal values. However, this strategy
had a cost of O(N2). Duoc and Robert worked on a solution that “allows the variance to
be reduced at a fixed computational cost” [2].

3 Rao-Blackwellization

3.1 Solution

The empirical average, using a sequence of accepted y’s from a Metropolis-Hastings exper-
iment (x(t))t, is

δ =
1

N

N∑
t=1

h(x(t)).

The alternative representation that Duoc and Robert will be using as a starting point is

δ =
1

N

M∑
i=1

nih(zi),

where the yj ’s are the proposed Metropolis-Hastings moves, the zi’s are the accepted yj ’s,
M is the number of accepted yj ’s up to time N and ni is the number of times zi appears
in the sequence (x(t))t.

Lemma 1. The sequence (zi, ni) is such that:

1. (zi, ni) is a Markov chain;

2. zi+1 and ni are independent given zi;

3. ni is distributed as a geometric random variable with probability parameter

p(zi) :=

∫
α(zi, y)q(y|zi)dy; (1)

4. (zi)i is a Markov chain with transition kernel Q̃(z, dy) = q̃(y|z)dy and stationary
distribution π̃ such that

q̃(·, z) ∝ α(z, ·) and π̃(·) ∝ π(·)p(·).
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We note the estimator is only dependent on the zi’s so an optimal weight is the impor-
tance weight 1/p(zi). However, this is typically not avaiable in closed form and needs to
be estimated. The obvious solution is ni, but there is a Rao-Blackwellized solution with
smaller variance.

Lemma 2. If (yj)j is an i.i.d. sequence with distribution q(y|zi), then the quantity

ξ̂i = 1 +

∞∑
j=1

∏
`≤j
{1− α(zi, y`}

is an unbiased estimator of 1/p(zi), the variance of which, conditional on zi, is lower than
the conditional variance of ni, {1− p(zi)}/p2(zi).

In this lemma, it is important to note that the sufficient statistic is the sequence (yj)j
and that ξ can be rewritten as

ξ̂i = 1 +
∞∑
j=1

E

∏
`≤j

I{u` ≥ α(zi, y`)}
∣∣∣∣(yt)t≥1

 ,
which makes it a Rao-Blackwellized solution.

It’s possible for the estimator to be infinite since it depends on a ratio of probabilities.
It would take an enormous number of iterations for this to happen and is not realistic.
However, they created an esetimator that was based on a truncated series.

Proposition 3. If (yj)j is an i.i.d. sequence with distribution q(y|zi) and (uj)j is an i.i.d.
uniform sequence, for any k ≥ 0, the quantity

ξ̂ki = 1 +
∞∑
j=1

∏
1≤`≤k∧j

{1− α(zi, yj)}
∏

k+1≤`≤j
I{u` ≥ α(zi, y`)} (2)

is an unbiased estimator of 1/p(zi) with an almost sure finite number of terms. Moreover,
for k ≥ 1,

V[ξ̂ki |zi] =
1− p(zi)
p2(zi)

− 1− (1− zp(zi) + r(zi))
k

2p(zi)− r(zi)

(
2− p(zi)
p2(zi)

)
(p(zi)− r(zi)),

where p is defined in (1) and r(zi) :=
∫
α2(zi, y)q(y|zi)dy. Therefore, we have

V[ξ̂i|zi] ≤ V[ξ̂ki |zi] ≤ V[ξ̂0i |zi] = V[ni|zi].

3.2 Convergence Properties

The Rao-Blackwellized solutions have important asymptotic improvements when estimating
Eπ[h(X)]. The following two theorems illustrate these properties.

Theorem 4. Under the assumption that π(p) > 0, the following convergence properties
hold:

1. if h is in Cϕ, then
δkM

P−−−−→
M→∞

π(h);

2. if, in addition, h2/p ∈ Cϕ and h ∈ Cψ, then
√
M(δkM − π(h))

L−−−−→
M→∞

N (0, Vk[h− π(h)]), (3)

where Vk(h) := π(p)
∫
π(dz)V[ξ̂ki |z]h2(z)p(z) + Γ(h).
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This theorem implies that the correlation between ξ’s goes away eventually. This means
for enough iterations, we have a pretty accurate estimation of the target density. The next
theorem connects the original estimator with the previous theorem.

Theorem 5. In addition to the assumptions of Theorem 4, assume that h is a measurable
function such that h/p ∈ Cζ and {Ch/p, h2/p2} ⊂ Cφ. Assume, moreover, that

√
M(δ0M − π(h))

L−→ N (0, V0[h− π(h)]).

Then, for any starting point x,√
MN

(∑N
t=1 h(x(t))

N
− π(h)

)
L−−−−→

N→∞
N (0, V0[h− π(h)]),

where MN is defined by
MN∑
i=1

ξ̂0i ≤ N <

MN+1∑
i=1

ξ̂0i .

4 Examples

4.1 Standard Normal target, Normal Random Walk proposal

The first example Duoc and Robert use to illustrate the gains from the Rao-Blackwellized
solution was a standard normal target density with proposal q(y|x) = ϕ(x − y; τ). The
acceptance probability in this situation is the ratio of the targets. From Figure 1, we see
that there is not a huge gain by using the Rao-Blackwellized estimator. This is possibly
due to the randomness from both the ni’s and zi’s. Table 1 shows the ratio of the empirical
variances of the terms nih(zi) and ξ̂ih(zi) for a few functions of h. We see that there is not
much of an advantage using the ξ̂ estimator when there is less variance and there is a huge
gain when τ = 7. The rejection rate is 82% when τ = 7 because there is more variability in
the original ni’s. Table 2 then shows the additional time needed with the Rao-Blackwellized
solution. The authors mention we should not look too deep into this table, as there are
sometimes a few very lengths runs which can be bypassed by using the truncated estimator
rather than the infinite one.

4.2 Standard Normal target, Cauchy proposal

This example used a standard normal density and a Cauchy C(0, 0.25) proposal distribution.
There was slightly superior improvement in this case using the Rao-Blackwellized solution.
They point out that from Figure 2 illustrates this. We note that the shape is much steeper
and comes in tighter around zero. The τ ’s are smaller than Table 1 in the first example
and the rejection rates are much higher. Also, from Table 4, we see that there is a huge
improvement from the first example in the amount of additional time needed.
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